Introduction 28
Stay cables, such as members of cable-stayed bridges, are vulnerable to large vibrations as their 29 inherent damping is very low. A solution widely used in practice to reduce the vibrations is to 30 install a viscous damper transversely to the cable near the cable anchorage. Such a damper is 31 designed to have a damping coefficient that can be optimally tuned for maximum damping 32 ratio of one targeted mode of vibration. Many investigations, e.g. Carne (1981) ; Krenk (2000) ; 33 Main and Jones (2002); Pacheco et al. (1993) ; Uno et al. (1991) ; Yoneda and Maeda (1989) , 34 have been proposed to understand the natural dynamic properties of a cable with an attached 35 viscous damper in free vibration and then to design an optimal damper. Meanwhile, based on 36 the authors' knowledge, its dynamic behaviour under wind action has never been discussed. 37
This is an important issue as cables are very susceptible to wind, and cable-wind interaction is 38 the main cause of the violent vibration of cables which can result in galloping instability 39 (Caetano 2007; Fujino et al. 2012) . 40
In the efforts to find the damping properties of the cable-damper system, the free vibration 41 case has been analysed to solve the eigenvalue problem, in which the cable is usually modelled 42 as a taut string. The first study is credited to Carne (1981) . He formulated the complex 43 eigenvalue problem and provided an approximate solution through a numerical procedure. The 44 damping ratio of the first mode was then given. Subsequently, Yoneda and Maeda (1989) and 45 Uno et al. (1991) used a numerical approach to identify the optimal modal damping which 46 depends on the distance between the damper and the cable anchorage. Pacheco et al. (1993) 47 used the Galerkin method to estimate the complex frequencies of the cable-damper system and 48 then introduced a universal curve which links the normalized modal damping ratio of the target 49 mode with the normalized damping coefficient of the attached damper. The universal curve 50 provided a very efficient tool for the design of the damper. This curve was then formulated 51 analytically by Krenk (2000) , in which the asymptotic solution for the free vibration of the 52 cable-damper system was derived, using complex modes and assuming that the damper 53 location is near the cable anchorage. 54
As a result, it is also possible to integrate terms of To evaluate the response or stability of the cable-damper system, it is necessary to decouple 144
Eq.(1) into single degree-of-freedom (SDOF) systems. Commonly, modal analysis is employed 145 to decouple the equation of motion of a continuous system or a multi degree-of-freedom 146 (MDOF) system into a set of second-order ordinary differential equations of SDOF systems. 147
However, this approach can be applied only for classically damped systems, in which the mode 148 shapes are real and orthogonal with respect to the mass. For a non-classically damped system, 149 the mode shapes are not orthogonal with respect to the mass, so an alternative technique to deal 150 with this issue is required, as introduced in the Appendix. This extends the modal 151 decomposition method for a MDOF system, presented in the standard textbook by Hurty and 152 Rubinstein (1964) , to a continuous system. The decoupled equations of motion, in first-order 153 form, instead of second-order form as in classical analysis, are then given by: 154
where   n p t are modal coordinates, and 156
The eigenvalues n  can be expressed in terms of their real and imaginary parts (Igusa et al. 
is the modal damping ratio. 162
The n th eigenvalue of a non-classically damped system given in Eq. (11) 
where the overbar denotes the complex conjugate. 175
Finally, the solutions of Eqs. (8) and (12) can be found when the eigenvalues n  are known.
176
Generally, they can be determined numerically starting from the equilibrium condition Eq. (3) 177 (Pacheco et al. 1993) . For the special case that the damper is close to the anchorage, i.e. d<<L, 178 the asymptotic solutions are given by Krenk (2000) : 179 widely in the literature, e.g. in Hurty and Rubinstein (1964) , that the imaginary parts of the 199 modal responses cancel out in the total response. Consequently, it is possible to use only the 200 real terms to compute the total response. However, for a system with complex mode shapes, 201 which result in phase differences between modal responses, the imaginary parts of   The situation is considered where the external load is an aeroelastic load resulting from the 212 interaction between the wind and the structure. In this study, the wind is taken to be normal to 213 the cable axis. Based on the quasi-steady assumption, this load is expressed in terms of the 214 structural velocity. Then, ignoring any nonlinear and torsional terms and assuming that there 215 are in total N modes in the α-plane (α=x,y) contributing to the structural response, the n th modal 216 loads for wind normal to the cable axis are given by: 217 To formulate the galloping analysis problem, Eq. (14) is substituted into Eqs. (8) and (12), 235 and the obtained equations can arranged in following matrix form: 236
where 238
Galloping occurs, i.e. the system is unstable, if there exists an eigenvalue of Eq. (24), 245 denoted , such that its real part, Re( ), is positive. The mean wind velocity at which Re( ) is 246 zero is referred to as the critical wind velocity. The meaning of the critical wind velocity is that 247 when it is lower than the mean wind velocity, the structure will gallop. Conventionally, the 248 critical velocity is a constant value. However, for non-horizontal structures, the variation of 249 mean wind velocity along the structure, governed by the mean wind profile, contributes to the 250 
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A , x G and x Φ if the plane coupling is considered. 275
Φ and x Φ if the plane coupling is neglected. 276
The sub-cases (1.i) and (1.ii) are referred to as "xy coupled (with damper)" and "y 277 uncoupled (with damper)", respectively. It should be noted that the modal coupling in the y-278 plane is always considered in these cases. 279 
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If the aerodynamic coefficients are constant along the structure, the condition in Eq. (38) 316 turns to the well-known Glauert-Den Hartog condition for 1DOF across-wind galloping: 317
It should be noted that conventional galloping analysis, for a single across-wind mode or 319 identical coupled modes in the two planes, addresses the critical cases of galloping occurrence 320 in the first mode in each plane. This is correct if the aerodynamic coefficients are constant, and 321 then the conditions for galloping occurrence are given by Eqs. (36) and (40). However, when 322 the aerodynamic coefficients vary along the structure, it is possible that the conditions given in 323
Eqs. (32) and (38) are not satisfied for the first mode but are satisfied for higher modes. In this 324 case, the structure is stable in the first mode but unstable in higher modes. 325
The analytical framework described above provides a procedure to conduct galloping 326 analysis in the complex field. If the damper is very close to the cable anchorage, it may result 327 in weak complexity in the structural motion. Then the added damping could be considered as 328 a perturbation of the undamped cable, and the problem could be addressed with another 329 approach such as perturbation analysis (Luongo et In the galloping analysis, 10 structural modes in each plane are considered. The plane 360 coupling and modal coupling are taken into account. 361 Fig. 3 shows the real parts of the first 20 eigenvalues corresponding to the first 20 modes 362 of the coupled system versus the mean wind velocity at the reference height ze. The lighter lines 363 correspond to the higher system modes. Here the term "system modes" refers to modes of the 364 whole system of the structure and the wind, and it is distinguished from the structural modes, 365 which depend only on the structure itself and are independent of the wind. Based on the 366 eigenvalues, the stability condition of different modes can be determined. 367
Two important points can be realised. Firstly, for the odd system modes, which essentially 368 correspond to along-wind vibrations, the real parts of the eigenvalues are always negative, i.e. 369 they are stable. Meanwhile, for the even system modes, which correspond to predominantly 370 across-wind vibrations, the real parts of the eigenvalues become positive for U(ze)≥70 m/s. 371
Secondly, the system is more unstable in lower system modes. These observations imply that 372 the stability of the system can be evaluated through only the lowest predominantly across-wind 373 system mode. 374
The eigenvalues shown in Fig. 3 are rigorous solutions, allowing for complex modes due 375 to the presence of the damper and the modal coupling in each plane. As mentioned in the 376 previous section, to identify the significance of different effects, it is useful to compare the 377 results with those obtained from simplified analyses, without the damper and/or without the 378 plane coupling. For this purpose, four cases (1.i), (1.ii), (2.ii) and (2.iii), described in the 379 previous section, are considered. Case (2.i) is not included here because it falls into case (2.ii), 380 resulting from the reason stated above that the stability of the system can be evaluated through 381 only the first system mode in each plane. 382 Fig. 3 shows the stability of all 20 system modes included in the analysis, but since a 383 structural system is unstable if there is at least one eigenvalue with a positive real part, using 384 only the maximum value of the real parts of the eigenvalues determines the stability of the 385 system. Therefore, to compare the four cases mentioned above, Fig. 4 shows the maximumvalues of the real parts of the eigenvalues of the system, for each case, versus the mean wind 387 velocity at the reference height. 388
Looking at the simplest case of the undamped cable where the vibrations in the two planes 389 are uncoupled, i.e. case (2.iii), it can be seen that the maximum real parts of the eigenvalues 390 (dashed line) are positive, implying that the structural system is unstable. This is because 391 When the damper is installed, the stability of the structure is clearly improved. If the plane 405 coupling is neglected, i.e. case (1.ii), for the chosen values, the structural system is still stable 406 for wind velocities up to 80 m/s (cross line). However, the situation changes if the plane 407 coupling is considered (case (1.i)). In this case, the maximum real parts of the eigenvalues 408 (continuous bold line) are positive, i.e. the structure is potentially unstable, for U(ze) ≥ 70 m/s 409 as already seen Fig. 3 . So, disregarding the plane coupling can considerably overestimate the 410 critical velocity for the occurrence of galloping. This observation highlights the importance of 411 the plane coupling. Neglecting it can give rise to results unsafe to the structure. 412
As results. Consequently, it is unsafe to ignore the complexity of the modes. 456
In the meanwhile, the plane coupling may be beneficial or detrimental to the structural 457 stability depending on the aerodynamic coefficients. For example, for Cd=0.99, Cl=0.13, C'd=-458 0.96, C'l=-1.26 (Gjelstrup et al. 2012) , the plane coupling is beneficial as the critical velocity 459 for the coupled 2DOF galloping is higher than that for 1DOF galloping. In contrast, for 460
Cd=1.07, Cl=0.6, C'd=1.06, C'l=-1.39 (Richardson 1988) , the plane coupling is beneficial as 461 the critical velocity for the coupled 2DOF galloping is higher than that for 1DOF galloping. proportional damped systems as in Eq. (A.14) can be found widely in the literature, e.g. in the 551 standard textbook Hurty and Rubinstein (1964) , which treated for MDOF systems and for 552 symmetric matrices Γ and H containing self-adjoint operators. The derivation described above 553 extends to a continuous system. In addition, by employing a fundamental technique in linear 554 algebra with the left and right eigenvectors of the homogeneous system of Eq. (A.3), it does 555 not require any condition for either the symmetry of the related matrices or adjointability of 556 the operators. So the derivation herein is also valid for general asymmetric matrices with non-557 self-adjoint operators. 558
Now, following is a proposed demonstration of how imaginary parts of complex mode 559 shapes and modal coordinates contribute to the response. 
